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Mechanical and electric fields in a piezoceramic plate are studied with the
help of asymptotic integration of the three-dimensional equations of electro -
elasticity ., It is established that the electroelastic state of the platecan be
separated into the intemal state, and a boundary layer-type state, Derivation
of the solution of the boundary layer-type state is reduced to an infinite system,
A boundary value problem is formulated in the first approximation in order to
establish the internal electroelastic state of the plate.

1, Let Q =8 X [—h, k] denote the region occupied by the plate ,where
S is the middle surface and 2k its thickness, 98§ is the boundary of .S,
' = 08 x [—h, h] is its lateral surface, S, are the plate ends and @ is the
characteristic dimension of S. The plate is referred to the Cartesian 0ZZq%3 —
coordinate system with the origin on § and the org-axis orthogonal to S.
We assume that the material has been previously polarized along the plate thick-
ness and, that its electroelastic properties are described by the relations [1]

Oy = CpPsyy + €18800 + €13Fs53 — €5 F5 (. 1)
Ops = C1aE811 + €11F8ap + €15Fs35 — €585

O35 = C15° (S11 + S29) + C33T833 — €325

O = (c1® — ¢15") 812 = 2ce6Fsy0

Oi3 = 2c44Fsi3 — e E;

D; = 2e15815 + e’Ey (1 =1, 2)

Dy = e3; (11 + S23) + €33833 + €35°E,

Here c¢;;F are the moduli of elasticity, €;; are the piezomoduli, &; i are the
dielectric permeabilities, X denote the components of the electric field intensity
vector, D are the components of the electric induction vector, O are the com-
ponents of the stress tensor and s,,; are the components of the deformation tensor,
Supplementing the relations (1, 1) with the Cauchy equations of equilibrium
and the Maxwell equations

, (1.2)
Omiyr =0, Dy =0, 10t E= 0 (E = —grad ¢)

we obtain a closed system of equationsin terms of the displacements U; and the elec-
tric potential 1 , describing the electroelastic equilibrium of the plate,

Let us introduce the notation
uy = —V/d, ay;=ciFlec, by=-eydlec, hj=e;d/c

Bo= /a0 =0/ 0k (k =1, 2), A = 0 + 0y,
E=uax,/h,e=h/a
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Here ¢ and denote certain characteristic parameters of the plate material,
with the dimensions of ¢;;# and E respectively; when dealing with concrete
calculations, they can be chosen e, g, as follows: ¢ = c¢g4F, |d| = | P | where
P is the preliminary polarization vector of the ceramic, We shall assume that the
plate is surrounded by vacuum,
Let the following conditions hold at the plate ends:

Oinisy = 0,i=1,2,3; uys, = e’ap = const, uyjs_ —= 0 (L.3)

Let also the stresses and the electric charge surface density A (n, s are the
local coordinates of the contour 8S [%]) be given on the lateral surface

gy, II‘ =cN (3’ g)v Ons !P =cT (S’ g)

Onglp = cZ(5,8), — Dulo=—-1(s8)

We assume that the constant @ in the boundary conditions is not known, and
this corresponds to the case of the plate ends which are fully electroded, but not closed
[3]. The electrodes are assumed to be infinitely thin, therefore their influence on the
elastic properties of the plate can be neglected,

2, To solve the proposed problem we use the system of solutions of the equa ~
tions of electroelasticity (1.1), (1.2) which satisfy the following homogeneous con -
ditions at the plate ends:

Oii8, = 0@=1,23), Uys,. = 0
The author of [4 ] used the methods of [5] to construct a complete system of
homogeneous solutions for a plate made of an electroelastic material, with the pro-
perties varying across the thickness, Using the results of these papers, we give the fol~

lowing system of homogeneous solutions for the problem underconsideration:
The biharmonic solution

u;0 = qe {p; — 9, [®, +P,D, + e?Aq (goPo Dy + 2FPp)1}, i=1,2
uy) = a {®, + A, [g,P, D, — g5 (P, — Py) Opl}
u D = ae? gy (Py — Py) A, @,

(2.1)

Here P; (§) denote the Legendre polynomials, @; and @, are two-dimen-
sional biharmonic functions and @; , @ are conjugate harmonic functions connected
with @, by the equation

0191 = 0,9, = %A, D, F(§) =8 — 3¢

go = — ay3 (2x — 1) / (3a33), ¢q1 = 3q.

g2 = — [(@u + a1s) 81 + (bis + ba1) 82 + aul/(6ass),gs =g,/ 3

9 =8 /3, %= {(ay — a15*/ ags) / (ay; + @12 — 2a,5® / a3s)

81 = — (@1shas + bs1bss) / (bss® + asshss), & = (asshs; —

@13bss) / (bss® + asshss)
The potential solution
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o o
it = ae’ 3 ax (€ 0id, i=1,2 u = —as* 3 0y (§) 4
k=1

=t (2.2)

uif’ = as* 3 v (€) dp, oy, >0

a; (&) = qsfi” — Vi’@sfr + 926§
o (8) = quf” — (@ — 2¢5) V¥ + 0" — qov5%0;

Here 7Yi are the eigenvalues and {fy, Oy} denote the eigen pairs of functions
(the analog of the Papkovich functions of the classical theory of elasticity ) of the
spectral problem

0/ + 2 (@5 — 96) V" + @1V + 207 + (g — o) ¥°0' = 0 (%)

gf” (g — 99) V' A+ 928" + qusy? 0 =0

f(ED)=0=f(x1), 6(x=1)=0

9s = a3 [ &, qs = Qiz [ & ¢ = (Ggsbsy — aisbss)/g, gz = 1/(2a44)

9o = b1/ @aay Gro = a1/ & qu = (apbss — aysbsy) / g

Q12 = A3z + bgagu + Unge,  Gus = Apy + bys@e, § = 1033 — ays

and the functions A4, in (2, 2) satisfy the relation
(8¢ — ") A (§1, &) = 0
The rotational solution
ul? = qe? pgl tp(8)0:Bp, ul = — ae? 2,1 tp (E) 01Bp (2.4)

Us® = 0 = u,®, 8§, >0

where
auty” + aebp’ty = 0, 4, (1) =0
(e%Ag — 6, Bp (&1, &) = 0

It should be noted that contrary to the elastic case [6], the spectrum {v} of
the problem (2,3 ) depends on the electroelastic properties of the material, Neverthe-
less, for the majority of the types of piezoceramics used (PZ7-4, PZT-5, TsTC-19,
etc, ) the spectrum distribution has certain common features: the spectrum {y,} is
discrete, symmetrically distributed in the complex plane, and has a point of accumu-
lation at infinity ; none of Vk are pure imaginary; when |y |-> oo (Rey > 0)
three asymptotes of the distribution of Vi exist, one of them represented by the real
axis and the other two by the straight lines argy = 4v, v 5= 0,

Let us give the formulas for the asymptotic values of the real and complex Y

Yo =Iln—1Nm 4+ra/2—a]/p,

Ym = — i {In| Gy + iGs| + arg [(—1)" (G, + iG,)] +
2(m — )i} /(2| pa )

r=20, 1; n=1,2,3,...; m=123,...

(2.5)
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tga =G, /G,, G, =X,Im (Y,Z,)/G

G, =RelX,(Y,Z, —Z2,Y,)]I /G, G=Iml[X,Y,Z,—
Z,Y )l — XiIm (Y,Z,)

Imp; >0, Rey, >0, Imy, >0

The relations connecting the constants p;, X; Y; and Z; with the elec-
troelastic characteristics of the plate material are given in [7].
It is significant that even the first values of Yy (n, m = 1) obtained from
(2. 5) differ from the exact values [8] by not more than 6%,
Let us explain briefly some properties of the homogeneous solutions, The po-
tential and rotational solutions contain, as implied by (2, 2)and (2,4), the functions
A4p and B, which represent the solutions of equations in which the parameter &2
accompanies the higher order derivatives, Using the properties of the spectra {v;} and
{85} we can show that for small € the solutions of these equations resemble a boun-
dary layerlocalised at the boundary 9§ [2]. Forthis reason the potentialand rotational
sol utions decay rapidly with increasing distance from the lateralsurface I'.  Thusthe
inner electroelastic state of the plate is determined by the biharmonic solution,
The inhomogeneity apparent in the condition (1,3) can be removed using a
particular solution of the form

ul(‘” = (0 = 1:,3(4), u M = £2aby308 / (2ags), u W = g2ag (§+ 4)/2

Then the general solution w = ™ ++ ... 4+ 4, (1 =1, 2,3,4) will satisfy
the equations of electroelasticity (1,1) and (1.2) and the boundary conditions (1.3 ).

8, In order to satisfy the boundary conditions at the lateral surface I' of the
plate, we use the variational principle formulated in [4], In the present case the prin-
ciple can be written in the form

SS {(Un —N) [a((‘iu(‘)}? — &P a"—n (I)2> 1+ 8u? & &A{”] . (3.1)
T

(Ons— 1) [0 (002 + £Py 5 80, )+ bul? + 8] +
(Ong — Z) (a6D;, + Sul) — (D, + M) &Af’} ds dg —
suf ({ Dgdz = 0

Sy

where (R is the radius of curvature of 9S)

On =8 {1/2“1@ + 2ags O [y + Py D, + %A, (9P, D; +

727 Dy)] — %240, + k§1 (Vif" Ax — 2€%a46a;,0p Ax) —

2624, pz:l t2Q,Bp}
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GRS = g {2&6605 [(Dl —F‘, P1®2 + 82A0 (qOP‘Z(Dl + 92F(D2)} -—_

2e%agq ki}l axQsAy + 21(044%"31) =+ 2620‘66than)}
o p=

Ong = € [ Ha e AgDy — iykw A+ ag \ Vi — B,,]
:1 P 1
[ s o DDy — kz-l‘dk ®) o= A + by ;t,;i 2 B,,]

Dy=ce [““‘ %sP + HgBoDy -+ Z Vi (€afx” + Vilqufr + q126y) Ak-]

1, oy, o= 083<Zak a7 Ax + Z"FP? s p)

k=1 =1
1 a 8
U@+ u,® = aeg(za’k T 75 Ar — th %Bp>
k=1 p=1

1 o a ndR’ 8
Qn(-) = (“FI‘%‘EE%"" RH an + 1;3112 6s>( )

1 o a -
¢ = = (Fomm—wr5)(» H=1+nR
%y = (@y3bss — a33bsy) / Ags, %y = ay, Py + (21595 -+ bs1qa) Py’
%3 = 3 [@aqy + (Gaags + bysqa) / 2] (B2 — 1), %y = 3 [byg, +
(b1sgs — Annga) / 2} (B2 — 1)
%5 = (bss® + Gaghss) / @gs, % = by (2x — 1) + b33,
dy (8) = vi® (qofy” — 7139%)
Choosing Uy, ues V), @,, 0D, / dn, A, B, and u®  as the independent
variations of the boundary values of the functions, we obtain, as in [5], the relations
defining the boundary conditions for the functions ®@;, A, and B, and the int-

egral condition for obtaining the induced potential difference ¢ which characterizes,
to a certain extent, the interaction of the elastic and electric fields

gs [Qn (2(1)1 — & él ak(O)Ak)Jn=o = Ny (3.2)
Qg [Qa (2@1 —&? kgl %m}AK)L:g =T

o
1
{aoe Ty Qs[ D, — —428 Ao Dy — €? E akmAk] -+ 5 (@13€1 +
=1

a
ba1g2 -+ a11) FTy Ao(m}n:so + 2ay, Z 8p7%p @ (@R7IS By + eBy") =

p=1

a
Za+”§;Mns
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{angﬂ [“““ Dy — """ 728*Ag Dy — &* i akmﬁxjf —

K==

—3-(0‘»136*1 + baigs + an) Ao‘r’z}n T

Sy E 872N (S’ — eaR™By) = M,,

{2663 (S *0n —e 5 Qs) [ ®, + amq’z + %A (g2l @y + (3.3
72050 Dg)] — “’SmAnsz + 20l 2 A Dy — ey,200 L ;,‘5‘,(1‘32} Lt

E (V0 Sm® 4 VoS k — Y 00kS;) o —
(o]
20458 REL a2 * (@R 1Sy, 4+ 2ay”) — 82254 1:2 o (Syay
- =1

5&3"%')’ + 2(35333 Z afﬁ?t)psm* (Spgy) - g¢R~1§?r) -

Elgg 2‘; — 8 ea(S) 2B 230«{3) (@BRSBy, + eB,")]

3'3““1
gy 2 mm 6;3 +85715‘?m 2 Bg?p p = Sy *Nopy — el — Zy—
p=1 p=1
Vi P ‘
{2%3 (Sr* Qs & "g‘; Q'n) [‘;2:; (Sx'wztr(o’mz + 8‘2“30 (qatr(”@l + (3' 4)
. “8

0t O0y) | — o2, @ 28D} e Y [(rnPey —
k=1
82ag50sy (RS0 + £, ] -+ €266 Za‘}?,?S,* (sa By —
=}
Skak,) + S?‘* ["’" 61656,25, + 3255“ (6}2—1Spﬁ, “f_ Sﬂr”)} -
#2045 (€aRB,” — S,B,Y = eN,° 1 §,*T,°°

Qo= — ?Sﬁ Sg [RaAoc{’z + Z Vi (@2fs” -+ q128x) Ak] a2 3.5)
Sy k=1
where

1 1

1
af’ = S aPid, i=0,1,2 ;® = S oyl dE, an™® = S Holm dE
-—.1 w—}

-1

1
aly = S feomds, aSk= § 0,08, o = S tolm 08
-1
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1 1
K3Wpy dg’ (Og)k = S fk,mm dEn (Dg)p = l\ tp,mm dg

1
mm(l) = §
—1 —1 —1
1 1 1 1
® = Cabndt, 00k = § a0 ds, 03 = § 150,08, 00 = { ¢y/dE
—1 —1 —1 ~—1

1 1 1
0= §t.pydg, 1,0 = (6F d, 60 = at g, 1 =

—1 -1 —1
1
S fk”tr d§
—1
H 1 1
2eNo = \ Ndt—emg, 2eTo= \Tdt, 202, { zde
_,11 . e} 1 A
2eMy =~ \ T2dE, 200, = ( NEdE, eNy= | Nandt —
—1 '—'l _:}1
“aal)

1 1 1
eTm= \Tands, ¢Z,= §Zo,d& eh,— (16,42
—1 —1 -1
1 .
eN,® = \ Nt.dg, er°— \ Tr.d

—1 Y

o, (s) and Py (s) are the boundary values of the functions 4, and B, on
aS, S, is an operator introduced according to the rule [9] Sy, = e84,/ dn
and §,* isits conjugate, and II is the area of S,.

From (3, 5) it follows that the induced potential difference ¢ is connected
only with the biharmonic and potential parts of the deformation of the plate symmet -
rical relative to the middle surface, This fact becomes obvious in the case of the in-
verse piezo-effect, An application of electric potential difference to the plate end
electrodes cannot produce bending, nor torsional deformation,

If we use (3,3) and (3, 4) to eliminate from (3, 2) the functions oy and {39
we obtain at once the boundary conditions for the functions @;, which determine the
intemal electroelastic state of the plate,

4, Taking & asa small parameter, we seek the solution of Eqs. (3.2—(3,5)
in the form of the following series [5]:

Dy =@y 8@y + .00, g s) = oy 8y + - ..
Pr () = Ppo + &Bpr + - - v ¢ = P + 8P + ...

We can assume here that the external physical factors acting on I'  can be
represented in the form

N(s, &) =¢e(NO 4 eNO4 .., T(s 8 =e(T® +el® 4 . )



1139
Electroelastic equilibrium of a piezoceramic plate

Z(s, B) = 2 (ZO 4+ eZW 4 ...), A(s,E) = (MO 4 A 4 )

and are sufficiently smooth, slowly varying functions of $.

Using the asymptotic expansions of the operators S and Sx* [9] we obtain,
from (3.2)—(3.5) the boundary conditions for the functions D;, A4y, By, and the
constant @ , in every approximation in ¢, In zero approximation we find

2a4 [an)lo]n=o = No(o) 2a4 [Q;D1pln=p = T, (4.1)
i2
|_ 3~ Q66 as Qs Dy = 5 (21381 + b3182 + au) = DD ] o = (4.2)
(0) + M(O;
[‘3— aeean)zo — T (@1381 + 182 -+ a41) Aocpzo]n:o = Mg)r);
kZ (Yk Yma(l) + Yk30)mk —~ VYm Vkemk)ako = ’YmN(O) Zi?? — (4.3)

szx(o — 2ag67m [On (a(O)(Dm +al cDzo)]n—o -+ Ymam [A¢D30]n=0
Bro = — (aeed,?)~ [T, — 2a448,72¢,00 QD 20)n—=o

2ug

Qo = — us_ﬂgg AgDyode
Sy

Thus the internal electroelastic state of the plate is determined, with the accu-
racy of the order of ¢ , from the boundary value problems (4,1) and (4, 2) which
are equivalent to the plane problem of the theory of elasticity and of the problem of
bending,

Expressing the biharmonic function (D; in terms of the analytic functions

¢ (z) and VP (z)

hay®, =29 + 20 + 4 () + 7@ dylds =9 (1) (2=E +iky)
we can write the condition (4, 1) in the classical form [10]
dids (9 + 2 Fp" + V) = i (Xpo'® + i¥ o)
1 1

X = L —rPmyds, Y = | (P 4 11 a8
-1 -1
Il =cos (n, &), m = cos(n, §,)

It is clear that the matrix of the infinite system (4, 3) is independent of the load
and the plate geometry, and remains the same in all approximations in &€ .

As in the theory of elastic plates[3, 5, 91, the potential and rotational solu -
tions in terms of the stresses o, O,, O, , and in the present case also in terms of Dy,
are of the same order in & as the biharmonic solution, Moreover, the boundary layer
solutions determine the behavior of o;, Oz, 0:,, D, and D, on I and the
latter are found to be of the same orderin & as O,y Ogy Ong, and D;.

The author thanks Iu, A, Ustinov for suggesting the problem and for valuable
advice,
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